We prove that the 0-th local cohomology of the jacobian ring of a projective hypersurface with isolated singularities has a nice interpretation it in the context of linkage theory. Roughly speaking, it represents a measure of the failure of Gherardelli's theorem for the corresponding graded modules. This leads us to a different and characteristic free proof of its self-duality, which turns out to be an easy consequence of Grothendieck's local duality theorem.
Introduction
In this paper we focus on the self-duality of the 0-th local cohomology of the jacobian ring of a projective hypersurface with isolated singularities. Our main aim is to interpret it in the context of linkage theory. Consider the polynomial ring C[x 0 , . . . , x n ] in n+1 variables, n ≥ 2, with coefficients in the complex field C. Given a reduced polynomial f ∈ C[x 0 , . . . , x n ], homogeneous of degree d, the jacobian ring of f is defined as
where J(f ) is the gradient ideal of f . If X = V (f ), the hypersurface defined by f , is nonsingular then the gradient ideal J(f ) is generated by a regular sequence hence R is a Gorenstein artinian ring with socle degree σ := (n + 1)(d − 2). In particular, the main feature of the jacobian ring of a nonsingular hypersurface is Macaulay's theorem, that is to say the self-duality of R(f ):
As highlighted by the fundamental work of Griffiths and his school, R encodes many properties of the geometry and the cohomology of X as well as of his period map (cf. [13] , [14] and references therein). For instance, in the seminal paper [13] , Griffiths proved that the jacobian ring determines the Hodge decomposition of the primitive cohomology in middle dimension.
Assume now that the hypersurface defined by f is singular but reduced. In this case the jacobian ring R(f ) is no longer of finite length. In the beautiful paper [21] , E. Sernesi observed that most properties of the jacobian ring R(f ) in the nonsingular case are transferred to the local cohomology module H 0 m (R(f )) if X is a singular hypersurface. The main ingredient in the study of the local cohomology module H 0 m (R(f )) is its interpretation by means logarithmic vector fields along X. Specifically, if one denotes by T P n the tangent sheaf of P n , then one can define a subsheaf T X of T P n , whose sections are vector fields on P n with logarithmic behavior along X. There is an identification [21] [Proposition 2.1]:
One of the main results of [21] , is the self-duality of the above module H 0 m (R(f )) when the hypersurface X has only isolated singularities [21] [Theorem 3.4]:
which is a sort of generalization of Macaulay's Theorem (1). The isomorphism above is a consequence of the following more general result (compare with [21] [Theorem 3.2]):
. , x n ] be an ideal generated by n + 1 homogeneous polynomials, of degrees d 0 , . . . , d n . Assume that dim(Proj(C[x 0 , . . . , x n ]/I)) ≤ 0. Then there is a natural isomorphism:
The proof of (1.1) is an adaptation of the proof of Macaulay's Theorem, and rests on a spectral sequence argument for the hypercohomology of the Koszul complex.
The main aim of this paper is to point out that there is still another interpretation of the local cohomology ring, in the context of linkage theory (we keep on the assumpion that X has only isolated singularities). Roughly speaking, it measures the failure of Gherardelli's theorem to hold true for the corresponding graded modules (cf. Theorem 4.6 and Remark 4.7). This leads us to a different and characteristic free proof of (1.1), which turns out to be an easy consequence of Grothendieck's local duality theorem [1, Theorem 3.6.19] [8, Theorem A.1.9].
Since the appearance of the seminal paper of Peskine and Szpiro [17] , linkage theory turned out to be a fundamental tool in projective geometry. For instance, linkage theory is a crucial ingredient in the study of space curves (see e.g. [15] , [19] , [20] , [16] and references therein), of surfaces in P 4 [18] and, more generally, of projective varieties of codimension two [9] , [10] , [11] . More recently, combining linkage theory with a series of recent results about Noether-Lefschetz theory for linear systems with base locus ( [2] , [3] , and [4] ), it has been possible to prove a version of the Speciality Theorem for curves contained in suitable singular factorial threefolds of P 5 (compare with [5] [Theorem 3.2]).
We recall that a pair of algebraic schemes ∆ and Θ (both contained in the same projective space P r ) are said algebraically linked by a complete intersection Γ ⊃ ∆ ∪ Θ if: a) ∆ and Θ are equidimensional without embedded components
. . , f n ) and that ∆ = V (f 0 , . . . , f n ), with f 0 , . . . f n homogeneous polynomials of degrees d 0 , . . . , d n . One of the key results of linkage theory is Gerardelli's theorem (cf. [12] [Theorem 2.5]:
The main result of this paper is the remark that, in some sense, the 0-th local cohomology module measures the failure of (3) to hold true for the corresponding graded modules (cf. Theorem 4.6 and Remark 4.7). As mentioned before, this leads us to a different and characteristic independent proof of (1.1), which turns out to be an easy consequence of Grothendieck's local duality theorem.
The proofs of our results can be found in §4. Sections 2 and 3, containing standard results of linkage theory which are probably well-known to experts, are added in the attempt of making this paper reasonably self-contained. They consist in an adaptation to graded rings of some results usually stated for either local rings or ideal sheaves.
Preliminary results
Since the appearance of the seminal paper of Peskine and Szpiro [17] , linkage theory is mainly applied to local rings and to ideal sheaves of the projective space. One of the most popular results of linkage theory is Gherardelli's theorem, concerning the linkage of quasi-complete intersections projective schemes [12] [Theorem 2.5]. As far as we know, Gherardelli's approach is much rarely applied to graded rings. In this section we collect some definitions and results concerning linkage theory for graded rings that are needed in the sequel. We also include a proof of some results, although they are probably well-known, in the attempt of making this paper reasonably self-contained. They consist in an adaptation to graded rings of some results usually stated for either local rings or ideal sheaves. Since we are mainly interested to graded rings of dimension one, all arguments are fairly plain. We follow very closely the approach of [7, §21].
Notations 2.1.
(1) In this paper, K denotes an algebraically closed field of any characteristic.
(2) For any graded K-algebra L = ∞ 0 L n , with L 0 = K, we denote by L + = ∞ 1 L n the irrelevant maximal ideal of L.
(3) Let S := K[x 0 , . . . , x n ] be the polynomial ring in n+1 variables, with the usual grading.
Let f 1 , . . . , f n be a regular sequence of homogeneous polynomials of degrees d 1 , . . . , d n and set J := (f 1 , . . . , f n ). We denote by T := S/J. Since f 1 , . . . , f n is a regular sequence, T is a complete intersection graded ring of dimension 1. (4) As usual, we denote by Ω T the dualizing module of T . Since T is a complete intersection ring, we have
Proof. (1) is a direct consequence of the fact that T has injective dimension one, as follows from [1, Theorem 3.1.17 and Proposition 3.6.11].
As for (2), since M is a maximal Cohen-Macaulay module and T has dimension one, there exists an element x ∈ S 1 which is nonzerodivisor in M. Applying Hom T (·, T ) to the short exact sequence
we derive the long exact sequence Proof. The surjectivity is an immediate consequence of Nakayama's Lemma [Lemma 1.4] [8] .
As for the injectivity, set K := ker φ and assume ψ is an isomorphism. Of course we must have K ⊂ xM. Furthermore, since x is a nonzerodivisor on N, we have (K :
where the first implication comes from the inclusion K ⊂ xM. Then xK = K and conclude again by Nakayama's Lemma.
The following result is an adaptation to our context of the Theorem 21.21 of [7] : We conclude just applying Lemma 2.3 to the following commutative diagram
Gherardelli Linkage
Let I := (f k , . . . , f n ) ⊂ S, 0 ≤ k < n, be a proper ideal, with homogeneous generators of degrees d k , . . . , d n and assume d k ≤ d k+1 ≤ · · · ≤ d n . Set R := S/I and assume moreover dim Proj R = k. We call such a ring a quasi-complete intersection ring. Further, we denote by ∆ := Proj R ⊂ P n the projective k-dimensional scheme associated to R, and by I ∆ := I ⊂ O P n its ideal sheaf. Lemma 3.1. With notations as above, we can assume that f k+1 , . . . , f n is a regular sequence.
Proof. We prove by decreasing induction that, for any i ≥ k + 1, there exists a new system of homogeneous generators (f k , . . . ,
. . , f ′ n is a regular sequence. Since the starting case i = n is obvious, we assume by induction i < n and f ′ i+1 , . . . , f ′ n is a regular sequence. Denote by Γ i := Proj(S/(f ′ i+1 , . . . , f ′ n )) ⊂ P n the complete intersection projective scheme defined by the regular sequence f ′ i+1 , . . . , f ′ n . Of course we have ∆ ⊂ Γ i and the ideal sheaf I ∆/Γ i is generated by f k , . . . , f i . Fix a prime π ∈ Ass(S/ (f ′ i+1 , . . . , f ′ n )) and denote by Γ π := Proj(S/π) the component of Γ i corresponding to π. Since I ∆/Γπ is generated in degree d i , the general element f ′ i ∈ (f k , . . . , f i ) d i does not vanish in S/π. As this holds true for any component of
In the hypotheses of Lemma 3.1, we can assume that the ideal J := (f k+1 , . . . , f n ) is a complete intersection homogeneous ideal. We denote by Γ the corresponding complete intersection kdimensional scheme, and by I Γ := J ⊂ O P n its ideal sheaf.
We borrow from [17] the main definition of linkage theory of projective varieties. We quote some well known results from linkage theory (cf. [17] , [12] ) for which we sketch a short proof, for the benefit of the reader. (1) The dualizing sheaves and the ideals in P n of ∆ and Θ are related by the following short exact sequence 0 → I Γ/P n (λ) → I ∆/P n (λ) → ω Θ → 0;
(2) (Gherardelli) we have an isomorphism
Proof. We follow [12, Proposition 2.3 and Theorem 2.5].
(1). By duality theory we have
To conclude, it suffices to consider the short exact sequence 0 → I Γ/P n → I ∆/P n → I ∆/Γ → 0.
(2). The ideal sheaf I ∆/Γ is generated by f k , hence multiplication by f k provides a surjection O Γ (−d k ) → I ∆/Γ . By [12, 2.1.1], its kernel is Ann
and we are done, owing to (1) .
Remark 3.4. When k = 0, the meaning of Proposition 3.3 (2) is that the residual 0-dimensional scheme Θ is Gorenstein. In light of this, it may seem curious to state Gherardelli's isomorphism in the form ω Θ ∼ = O Θ (τ − d 0 ), since in this case we have ω Θ ∼ = O Θ (l), ∀l. Nevertheless, for future reference (cf. Remark 4.7) we find it convenient to state the previous isomorphism in the given form.
Selfduality of the local cohomology
We now introduce a graded version of 3.2. Following §3, let I = (f 0 , . . . , f n ) ⊂ S be an ideal generated by n + 1 homogeneous polynomials, of degrees d 0 , . . . , d n , and set R := S/I. Assume that dim Proj R = 0. Then R is a quasi-complete intersection ring to which we apply the Gherardelli linkage of §3. In particular, by Lemma 3.1 we may assume that the sequence f 1 , . . . , f n is regular. Hence the ideal J := (f 1 , . . . , f n ) provides a complete intersection scheme of dimension 0 in P n . Following the notations of previous sections, we set T := S/J, Γ := Proj T and ∆ := Proj R. 
Recall the fundamental Grothendieck's local duality theorem [1, Theorem 3.6.19] [8, Theorem A.1.9]: for all finitely generated graded T -modules M and all integers i there exist natural homogeneous isomorphisms (8) (H i T + (M)) ∨ ∼ = Ext d−i T (M, Ω T ).
We are now ready to prove the main result of this paper: On the other hand, K ∼ = Ann T H implies that the previous morphism factors through
We claim that such a map is injective. First of all, we observe that the sheaf-theoretic counterpart of the above morphism is the Gherardelli isomorphism (6) (cf. Remark 4.4 (2)). Hence, the kernel of (10) must be supported on the maximal graded ideal. On the other hand, Theorem 4.3 entails that B is a maximal Cohen-Macaulay T -module. So T cannot have submodules supported on the maximal ideal and the Claim is so proved. Thus we have an injective morphism B[τ − d 0 ] → Hom T (B, Ω T ) and we denote by N its cokernel. We need to prove that N is, up to an appropriate shift, the local cohomology module H 0 T + (R). First of all, we observe that (9) and (10) have the same cokernel N[−τ ]. Hence, by taking into account Remark 4.4 we have an exact sequence (11) S[−d 0 ]
